In this paper, we define and study new strong convergence theorems of the modified Mann and the modified Ishikawa iterative scheme with errors for nonself-mappings which are total asymptotically nonexpansive in a uniformly convex Banach space.
Introduction
Let E be a real Banach space and K be a nonempty subset of E. A mapping T : K → K is called nonexpansive if T x − T y ≤ x − y for all x, y ∈ K. A mapping T : K → K is called asymptotically nonexpansive if there exists a sequence {k n } ⊂ [1, ∞) with k n → 1 such that
for all x, y ∈ K and n ≥ 1. Goebel and Kirk [8] proved that if K is a nonempty closed and bounded subset of a uniformly convex Banach space, then every asymptotically nonexpansive self-mapping has a fixed point. A mapping T is said to be asymptotically nonexpansive in the intermediate sense (see, e.g., [3] ) if it is continuous and the following inequality holds:
If F (T ) := {x ∈ K : T x = x} = ∅ and (1.2) holds for all x ∈ K, y ∈ F (T ), then T is called asymptotically quasi − nonexpansive in the intermediate sense.
Observe that if we define a n := sup x,y∈K ( T n x − T n y − x − y ), and σ n = max {0, a n } , (1.3) then σ n → 0 as n → ∞ and (1.2) reduces to T n x − T n y ≤ x − y + σ n , for all x, y ∈ K, n ≥ 1.
(1.4)
The class of mappings which are asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [3] . It is known [13] that if K is a nonempty closed convex bounded subset of a uniformly convex Banach space E and T is a self-mapping of K which is asymptotically nonexpansive in the intermediate sense, then T has a fixed point. It is worth mentioning that the class of mappings which are asymptotically nonexpansive in the intermediate sense contains properly the class of asymptotically nonexpansive mappings.
Albert et al. [1] introduced a more general class of asymptotically nonexpansive mappings called total asymptotically nonexpansive mappings and studied methods of approximation of fixed points of mappings belonging to this class. Definition 1.1. A mapping T : K → K is said to be total asymptotically nonexpansive if there exist nonnegative real sequences {µ n } and {l n } , n ≥ 1 with µ n , l n → 0 as n → ∞ and strictly increasing continuous function φ : R + → R + with φ(0) = 0 such that for all x, y ∈ K, T n x − T n y ≤ x − y + µ n φ( x − y ) + l n , n ≥ 1.
(1.5) Remark 1.2. If φ(λ) = λ, then (1.5) reduces to
In addition, if l n = 0 for all n ≥ 1, then total asymptotically nonexpansive mappings coincide with asymptotically nonexpansive mappings. If µ n = 0 and l n = 0 for all n ≥ 1, we obtain from (1.5) the class of mappings that includes the class of nonexpansive mappings. If µ n = 0 and l n = σ n = max {0, a n } , where a n := sup x,y∈K ( T n x − T n y − x − y ) for all n ≥ 1, then (1.5) reduces to (1.4) which has been studied as mappings asymptotically nonexpansive in the intermediate sense.
Iterative techniques for nonexpansive and asymptotically nonexpansive mappings in Banach space including Mann type and Ishikawa type iteration processes have been studied extensively by various authors; see [2] , [4] , [5] , [8] , [10] , [11] , [16] , [17] , [19] and [21] . However, if the domain of T , D(T ), is a proper subset of E (and this is the case in several applications), and T maps D(T ) into E, then the iteration processes of Mann type and Ishikawa type studied by the authors mentioned above, and their modifications introduced may fail to be well defined.
A subset K of E is said to be a retract of E if there exists a continuous map P : E → E such that P x = x, for all x ∈ K. Every closed convex subset of a uniformly convex Banach space is a retract. A map P : E → K is said to be a retraction if P 2 = P . It follows that if a map P is a retraction, then P y = y for all y ∈ R(P ), the range of P .
The concept of asymptotically nonexpansive nonself-mappings was firstly introduced by Chidume et al. [5] as the generalization of asymptotically nonexpansive self-mappings. The asymptotically nonexpansive nonself-mapping is defined as follows:
Let K be a nonempty subset of real normed linear space E. Let P : E → K be the nonexpansive retraction of E onto K. A nonself mapping T : K → E is called asymptotically nonexpansive if there exists sequence {k n } ⊂ [1, ∞), k n → 1 (n → ∞) such that
Chidume et al. [6] introduce a more general class of total asymptotically nonexpansive mappings as the generalization of asymptotically nonexpansive nonself-mappings. Definition 1.3. Let K be a nonempty closed and convex subset of E. Let P : E → K be the nonexpansive retraction of E onto K. A nonself map T : K → E is said to be total asymptotically nonexpansive if there exist sequences {µ n } n≥1 , {l n } n≥1 in [0, +∞) with µ n , l n → 0 as n → ∞ and a strictly increasing continuous function φ : [0, +∞) → [0, +∞) with φ(0) = 0 such that for all x, y ∈ K,
Let K be a nonempty subset of E which is also a nonexpansive retract of E, T 1 , T 2 : K → E be two total nonself asymptotically nonexpansive mappings. Then there exist nonnegative real sequences {µ n } and {l n } , n ≥ 1 with µ n , l n → 0 as n → ∞ and strictly increasing continuous function φ : R + → R + with φ (0) = 0 such that for all x, y ∈ K,
Proof. Since T i : K → E is a total nonself asymptotically nonexpansive mappings for i = 1, 2, there exist nonnegative real sequences {µ in }, {l in } , n ≥ 1 with µ in , l in → 0 as n → ∞ and strictly increasing continuous function φ i : R + → R + with φ i (0) = 0 such that for all x, y ∈ K,
then we get that there exist nonnegative real sequences {µ n } and {l n } , n ≥ 1 with µ n , l n → 0 as n → ∞ and strictly increasing continuous function φ : R + → R + with φ (0) = 0 such that
for all x, y ∈ K, and each i = 1, 2.
In [18] , Schu introduced the modified Mann and the modified Ishikawa iterative schemes. Recently, Kim and Kim [12] considered the modified Mann and the modified Ishikawa iterative schemes with errors in the sense of Xu [22] of a mapping which is asymptotically nonexpansive in the intermediate sense in a uniformly convex Banach space. In 2009, Nilsrakoo et al. [15] introduced a new strong convergence theorem for non-Lipschitzian mappings in a uniformly convex Banach space. The scheme is defined as follows.
Let E be a real uniformly convex Banach space and K be a nonempty subset of E which is also a nonexpansive retract of E. Let T 1 , T 2 : K → E be given two total nonself asymptotically nonexpansive mappings with sequences
Then for a given x 1 ∈ K, compute the sequences {x n } and {y n } by the iterative schemes
10)
where {α n } , {β n } , {γ n } , α n , β n and γ n are appropriate sequences in [0, 1] with α n + β n + γ n = α n + β n + γ n = 1, and {u n } and {v n } are bounded sequences in K. The iterative scheme (1.10) is called the modified Ishikawa iterative scheme with errors in the sense of Xu.
If β n = γ n ≡ 0 and α n ≡ 1, then (1.10) reduces to the modified Mann iterative scheme with errors in the sense of Xu
where {α n } , {β n } and {γ n } are appropriate sequences in [0, 1] with α n + β n + γ n = 1, and {u n } is a bounded sequence in K.
If T 1 = T 2 = T are self-mappings and β n = γ n ≡ 0 and α n ≡ 1, then (1.10) reduces to the iteration defined by Nilsrakoo [15] x n+1 = α n x n + β n T n x n + γ n u n , n ≥ 1, (1.12)
If T 1 = T 2 = T are self-mappings and β n = γ n = γ n ≡ 0 and α n ≡ 1, then (1.10) reduces to modified Mann iterative scheme.
The purpose of this paper is to define and study strong convergence theorems of the modified Ishikawa iterative scheme with errors for two total asymptotically nonexpansive nonself-mappings in uniformly convex Banach space.
Preliminaries
Now, we recall the well-known concepts and results. Let E be a Banach space with dimension E ≥ 2. The modulus of E is the function
A Banach space E is uniformly convex if and only if δ E (ε) > 0 for all ε ∈ (0, 2]. The mapping T : K → E with F (T ) = ∅ is said to satisfy condition (A) [20] if there is a nondecreasing
Note that condition (A ) reduces to condition (A) when T 1 = T 2 and hence is more general than the demicompactness of T 1 and T 2 [20] . A mapping T : K → K is called: (1) demicompact if any bounded sequence {x n } in K such that {x n − T x n } converges has a convergent subsequence; (2) semicompact (or hemicompact) if any bounded sequence {x n } in K such that {x n − T x n } → 0 as n → ∞ has a convergent subsequence. Every demicompact mapping is semicompact but the converse is not true in general.
Senter and Dotson [20] have approximated fixed points of a nonexpansive mapping T by Mann iterates, whereas Maiti and Ghosh [14] and Tan and Xu [21] have approximated the fixed points using Ishikawa iterates under the condition (A) of Senter and Dotson [20] . Tan and Xu [21] pointed out that condition (A) is weaker than the compactness of K. We shall use condition (A ) instead of compactness of K to study the strong convergence of {x n } defined in (1.10).
In the sequel, we need the following useful known lemmas to prove our main results.
Lemma 2.1.
[21] Let {a n }, {b n } and {c n } be sequences of nonnegative real numbers satisfying the inequality
(i) lim n→∞ a n exists; (ii) In particular, if {a n } has a subsequence which converges strongly to zero, then lim n→∞ a n = 0.
Lemma 2.2. [7] Let E be a uniformly convex Banach space and B r = {x ∈ E : x ≤ r}. Then there exists a continuous, strictly increasing, and convex function g :
for all x, y, z ∈ B r , and all α, β, γ ∈ [0, 1] with α + β + γ = 1.
Main Results
We shall make use of the following lemmas.
Lemma 3.1. Let E be a real Banach space, let K be a nonempty closed convex subset of E which is also a nonexpansive retract of E , and T 1 , T 2 : K → E be two total asymptotically nonexpansive nonselfmappings with sequences {µ n } , {l n } defined by (1.9) such that
Starting from an arbitrary x 1 ∈ K, define the sequence {x n } by recursion (1.10). Then, the sequence {x n } is bounded and lim n→∞ x n − p exists, p ∈ F.
Proof. Let p ∈ F. Since {u n } and {v n } are bounded sequences in K, we have
By using (1.10), we have
Note that φ is an increasing function, it follows that φ(λ) ≤ φ(M ) whenever λ ≤ M and (by hypothesis) φ(λ) ≤ M * λ if λ ≥ M. In either case, we have
for some M , M * > 0. Thus, from (3.2) and (3.3), we have
for some constant Q 1 > 0. Similarly, we have
for some constant Q 2 > 0. Using (3.4) and (3.5), we obtain
where Γ n (1) = γ n r + Q 2 µ n γ n r + γ n r and for some constant Q 3 > 0. Since
by Lemma 2.1, we get lim n→∞ x n − p exists. This completes the proof. Lemma 3.2. Let E be a uniformly convex Banach space, let K be a nonempty closed convex subset of E which is also a nonexpansive retract of E , and T 1 , T 2 : K → E be two total asymptotically nonexpansive nonself-mappings with sequences {µ n } , {l n } defined by (1.9) such that
Starting from an arbitrary x 1 ∈ K, define the sequence {x n } by recursion (1.10). Suppose that (i) 0 < lim inf n→∞ α n and 0 < lim inf n→∞ γ n < lim sup n→∞ γ n < 1, (ii) 0 < lim inf n→∞ α n and 0 < lim inf n→∞ γ n < lim sup n→∞ γ n < 1.
Proof. Let p ∈ F. It follows from Lemma 3.1 that {x n − p} , T 1 (P T 1 ) n−1 x n − p , {y n − p} , T 2 (P T 2 ) n−1 y n − p , {u n − p} and {v n − p} are all bounded. We may assume that such sequences belong to B r where r > 0.
Using Lemma 2.2, we have, for some constant R 1 > 0, that
It follows from Lemma 2.2 that
for some constant R 2 > 0. Using (3.7) and (3.8), we have, for some constant R 3 > 0, that
Also, since 0 < lim inf n→∞ α n and 0 < lim inf n→∞ γ n < lim sup n→∞ γ n < 1, there exists n 0 ∈ N and m 1 , m 2 , m 3 ∈ (0, 1) such that 0 < m 1 < α n < m 2 < 1 and 0 < γ n < m 3 < 1 for all n ≥ n 0 . It follows from (3.9) that
0. Since g strictly increasing and continuous at 0 with g(0) = 0, it follows that
Similarly, we may show that lim n→∞ T 2 (P T 2 ) n−1 x n − x n = 0. The proof is completed.
Theorem 3.3. Let E be a real Banach space, let K be a nonempty closed convex subset of E which is also a nonexpansive retract of E , and T 1 , T 2 : K → E be two continuous total asymptotically nonexpansive nonself-mappings with sequences {µ n } , {l n } defined by (1.9) such that
Starting from an arbitrary x 1 ∈ K, define the sequence {x n } by recursion (1.10). Then, the sequence {x n } converges strongly to a common fixed point of
Proof. The necessity is obvious. Indeed, if
Next, we prove sufficiency. It follows from (3.6) that for p ∈ F, we have
where ϕ n = Q 3 µ n x n − p +Q 3 (µ n + l n )+Γ n (1) . Since {x n − p} is bounded and
by Lemma 2.1 (i),İt follows from (3.12) that we have lim n→∞ d (x n , F) exist. But lim inf n→∞ d (x n , F) = 0. It follows from (3.12) and Lemma 2.1 (ii) that we get lim n→∞ d (x n , F) = 0. Now, given > 0, since lim n→∞ d (x n , F) = 0 and
that there exists a q 1 ∈ F such that x N 1 − q 1 ≤ 4 . So for all integers n ≥ N 1 , m ≥ 1, we obtain from (3.11) that
Hence, {x n } is a Cauchy sequences in E; and since E is complete there exists x * ∈ E such that x n → x * as n → ∞.We will prove that x * is a common fixed point of T i (i = 1, 2) , that is, we will show that x * ∈ F. Suppose for contradiction that x * ∈ F c (where F c denotes the complement of F). Since F is a closed subset of E (recall each T i , i = 1, 2 is continuous), we have that d (x * , F) > 0. For all q 1 ∈ F, we have
so that as n → ∞ we have d (x * , F) = 0 which contradicts d (x * , F) > 0. Thus, x * is a common fixed point of T i , i = 1, 2. This completes the proof.
Letting β n = γ n ≡ 0 and α n ≡ 1 in Theorem 3.3, we obtain the following modified Mann iterative scheme with errors convergence.
Theorem 3.4. Let E be a real Banach space, let K be a nonempty closed convex subset of E which is also a nonexpansive retract of E , and T 1 , T 2 : K → E be two continuous total asymptotically nonexpansive nonself-mappings with sequences {µ n } , {l n } defined by (1.9) such that
Starting from an arbitrary x 1 ∈ K, define the sequence {x n } by recursion (1.11). Then, the sequence {x n } converges strongly to a common fixed point of
Theorem 3.5. Let E be a real Banach space, let K be a nonempty closed convex subset of E which is also a nonexpansive retract of E , and T 1 , T 2 : K → E be two continuous total asymptotically nonexpansive nonself-mappings with sequences {µ n } , {l n } defined by (1.9) such that
Assume that there exist M, M * > 0 such that φ(λ) ≤ M * λ for all λ ≥ M ; and that one of T i , i = 1, 2 is demicompact (without loss of generality, we assume that T 1 is demicompact). Suppose that {u n } , {v n } are bounded sequences in K such that
For an arbitrary x 1 ∈ K, define the sequence {x n } by recursion (1.10).
Suppose that (i) 0 < lim inf n→∞ α n and 0 < lim inf n→∞ γ n < lim sup n→∞ γ n < 1, (ii) 0 < lim inf n→∞ α n and 0 < lim inf n→∞ γ n < lim sup n→∞ γ n < 1. Then the sequence {x n } converges strongly to some common fixed points of
Proof. {u n } , {v n } are bounded, it follows from Lemma 3.1 that {u n − x n } and {v n − x n } are all bounded. We set It follows from (1.10) and Lemma 3.2 that
This together with (3.10) implies that
We find the following from (1.10) and (3.14),
for some constant Q > 0. It follows from Lemma 3.2 and (3.15) that
Since T i is continuous and P is nonexpansive retraction, it follows from (3.16) that for i = 1, 2
Hence, by Lemma 3.2 and (3.17), we have
Since T 1 is demicompact, from the fact that lim n→∞ x n − T 1 x n = 0 and {x n } is bounded, there exists a subsequence {x n k } of {x n } that converges strongly to some q ∈ K as k → ∞. Thus, it follows from (3.18) that T 1 x n k → q, T 2 x n k → q as k → ∞, and it follows from (3.17) and T i is continuous that
Observe that
Taking limit as k → ∞ and using the fact that Lemma 3.2 and (3.19) we get that T 1 q = q and so q ∈ F (T 1 ). Also, we have
Taking limit as k → ∞ and using the fact that Lemma 3.2 and (3.19) we get that T 2 q = q and so q ∈ F (T 2 ). Thus, we obtain that q ∈ F. It follows from (3.6), Lemma 2.1 and lim k→∞ x n k = q that {x n } converges strongly to q ∈ F. This completes the proof.
The following result gives a strong convergence theorem for two total asymptotically nonexpansive nonself-mappings in a real Banach space satisfying condition (A ). Theorem 3.6. Let E be a real uniformly convex Banach space, let K be a nonempty closed convex subset of E which is also a nonexpansive retract of E , and T 1 , T 2 : K → E be two total asymptotically nonexpansive nonself-mappings with sequences {µ n } , {l n } defined by (1.9) such that
Suppose that T 1 and T 2 satisfy condition (A ) and (i) 0 < lim inf n→∞ α n and 0 < lim inf n→∞ γ n < lim sup n→∞ γ n < 1, (ii) 0 < lim inf n→∞ α n and 0 < lim inf n→∞ γ n < lim sup n→∞ γ n < 1. Then the sequence {x n } converges strongly to some common fixed points of
Proof. By Lemma 3.1, we see that lim n→∞ x n − p and so, lim n→∞ d (x n , F) exists for all p ∈ F. Also, from (3.18), lim n→∞ x n − T i x n = 0 (i = 1, 2). It follows from condition (A ) that
That is, lim Now we can take a subsequence {x nj } of {x n } and sequence {y j } ⊂ F such that x nj − y j < 2 −j for all integers j ≥ 1. Using the proof method of Tan and Xu [21] , we have
and therefore y j+1 − y j ≤ y j+1 − x n j+1 + x n j+1 − y j (3.24)
We get that {y j } is a Cauchy sequence in F and so it converges. Let y j → y. Since F is closed, hence, y ∈ F and then x nj → y. As lim n→∞ x n − p exists, x n → y ∈ F. The proof is completed.
Letting β n = γ n ≡ 0 and α n ≡ 1 in Theorem 3.6, we obtain the following modified Mann iterative scheme with errors convergence. Theorem 3.7. Let E be a real uniformly convex Banach space, let K be a nonempty closed convex subset of E which is also a nonexpansive retract of E , and T 1 , T 2 : K → E be two total asymptotically nonexpansive nonself-mappings with sequences {µ n } , {l n } defined by (1.9) such that ∞ n=1 µ n < ∞, ∞ n=1 l n < ∞ and F := F (T 1 ) ∩ F (T 2 ) = {x ∈ K : T 1 x = T 2 x = x} = ∅. Assume that there exist M, M * > 0 such that φ(λ) ≤ M * λ for all λ ≥ M. Suppose that {u n } , {v n } are bounded sequences in K such that ∞ n=1 γ n < ∞, ∞ n=1 γ n < ∞. For an arbitrary x 1 ∈ K, define the sequence {x n } by recursion (1.11).
The following 
